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Section	I	
	
10	marks	
Attempt	questions	1	-	10	
Allow	about	15	minutes	for	this	section	
	
Use	the	multiple-choice	answer	sheet	for	questions	1-10	
	
	

1. 	Which	of	the	following	is	an	expression	for	3
4

√4
!
+ 1

! 84	?	

	 (A)	 3

2

<(4
!
+ 1)

!!
+ ?	

	 (B)	 1

2

<(4
!
+ 1)

!!
+ ?	

	 (C)	 3

4

<(4
!
+ 1)

!!
+ ?	

	 (D)	 3

2

<(4
!
+ 1)

!!
+ ?	

	
2. 	What	is	the	quadratic	equation	with	solutions		2 + 3A		and		2 − 3A	?	
	 (A)	 C

!
− 4C + 13 = 0	

	 (B)	 C
!
− 4C − 13 = 0	

	 (C)	 C
!
+ 4C − 5 = 0	

	 (D)	 C
!
+ 4C − 13 = 0	

	
3. 	If	two	vectors	are		G̰ = Ḭ − J

̰
− K̰		and		L̰ = 4Ḭ + 12J

̰
− 3K̰,	what	is	their	scalar	product	?	

	 (A)	 −5	
	 (B)	 19	
	 (C)	 4Ḭ − 12J

̰
+ 3K̰	

	 (D)	 5Ḭ + 11J
̰
− 4K̰	

	
4. 	Given	that		C = 3Pcos

π

6

+ Asin

π

6

S ,what	is	the	value	of		CU
"
	?	

	 (A)	 9 Pcos

π

2

− Asin

π

2

S	

	 (B)	 9 Pcos

π

2

+ Asin

π

2

S	

	 (C)	 27Pcos

π

2

− Asin

π

2

S	

	 (D)	 27Pcos

π

2

+ Asin

π

2

S	
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5. 	What	is	the	magnitude	of	the	vector		Ḭ − 3J

̰
+ 5K̰	?	

	 (A)	 √17	
	 (B)	 √35	
	 (C)	 17	
	 (D)	 35	
	
6. 	A	particle	moves	in	simple	harmonic	motion	such	that		L! + 94! = K.		

What	is	the	period	of	the	particle’s	motion	?	

	 (A)	 2π

K

	 (B)	 3π	

	 (C)	 3K

2π

	 (D)	 2π

3

	

	
7. 	The	converse	of	Y ⇒ [	is:	
	 (A)	 [ ⇒ Y	
	 (B)	 [ ⇔ [	
	 (C)	 (not		Y) ⇔ (not	[)	
	 (D)	 (not	[) ⇒ (not		Y)	
	
8. 	The	velocity	of	a	body	moving	in	a	straight	line	is	given	by	L = ](4)	where	x	metres	is	the	

distance	from	origin	and	v	is	the	velocity	in	metres	per	second.	The	acceleration	of	the	
body	in	ms–2	is	given	by:	

	 (A)	 ]′(4)	
	 (B)	 ]′(L)	
	 (C)	 4]′(4)	
	 (D)	 ](4)]′(4)	
	
9. 	What	are	the	values	of	real	numbers	p	and	q	such	that		(2 − A)		is	a	root	of	the	equation	

C
"
+ _C + ` = 0	?	

	 (A)	 _ = −11	and		` = −20	
	 (B)	 _ = −11	and		` = 20	
	 (C)	 _ = 11	and		` = −20	
	 (D)	 _ = 11	and		` = 20	
	

10. 	What	is	the	value	of	 3

sin4

√1 − cos
!
4

84

#
!

$
	?	

	 (A)	 −a	

	 (B)	 −

a

2

	

	 (C)	 a	

	 (D)	
a

2
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Section	II		
	
90	marks	
Attempt	questions	11-16	
Allow	about	2	hours	and	45	minutes	for	this	section	
	
Answer	each	question	in	the	appropriate	writing	booklet.	Extra	writing	booklets	are	available.	
Your	responses	should	include	relevant	mathematical	reasoning	and/or	calculations.	
	
Question	11	(15	marks)	 	 Marks	
	 	 	 	

(a)	 If		C = 4 − A,		express	the	following	in	the	form		b + Ac		where	a	and	b	are	real.	 	

	  ICd 	 1	

	  1

C

	 1	

	 	 	

	 	 	

(b)	 The	point	A	has	position	vector		eAgggggg⃗ = 2Ḭ + 6J
̰
− 3K̰		relative	to	an	origin	O.	

Find	a	unit	vector	parallel	to	eiggggg⃗ .	

2	

	 	 	

	 	 	

(c)	 Find	the	value	of	3

4

√4
!
+ 4

√&

$
84	. 2	

	 	 	

	 	 	

(d)	 Let	two	complex	numbers	be		C' = 2cos

(
'! + Asin

(
'!		and		C! = 2A. 	

	  On	an	Argand	diagram	sketch	the	vectors	OA	and	OB	to	represent	C'	
and	C!	respectively.	

1	

	  Draw	the	vectors	C'+C!	and	C'−C!	on	the	same	Argand	diagram.	 1	

	  What	is	the	exact	value	of		arg(C'+C!)	?	 2	

	 	 	

	 	 	

(e)	 Find	3

1

√12 + 44 − 4
! 84	 2	

	 	 	

	 	 	

(f)	 Show	that	if		4 ≠ 1		then		1 + 4 + 4
!
+. . . +4

)
=

4
)*'

− 1

4 − 1

		for	n ≥ 1. 3	
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Question	12	(15	marks)	 	 Marks	

	 	 	 	

(a)	 Use	integration	by	parts	to	evaluate	3 4	s
+,
84	 3	

	 	 	

	 	 	

(b)	  What	is	the	expansion	of		(1 + Ab)-	in	ascending	powers	of	a	?	 1	

	  Hence	find	the	values	of	a	such	that.	(1 + Ab)-	is	real.	 2	

	 	 	

	 	 	

	 	 	

(c)	  Find	real	numbers	A,	B,	C	and	D	such	that	 2	

	
54

"
− 34

!
+ 24 − 1

4
!
(4

!
+ 1)

=

i

4

+

t

4
! +

?4 + u

4
!
+ 1

	
	

	
 Hence	find	3

54
"
− 34

!
+ 24 − 1

4
!
(4

!
+ 1)

84	 2	

	 	 	

	 	 	

	 	 	

(d)	 A	particle	is	moving	in	simple	harmonic	motion	with	its	acceleration	given	by:	 	

	
4̈ = −12sin2x	 	

	 Initially,	the	particle	is	at	the	origin	and	has	a	positive	velocity	of	6	m/s.	 	

	  Find	the	equation	for	the	particle’s	velocity.	 2	

	 Show	that		4̈ = −44	.	 3	
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Question	13	(15	marks)	 	 Marks	

	 	 	 	

(a)	 By	completing	the	square,			find	3

1

94
!
+ 64 + 5

84	 3	

	 	 	

	 	 	

(b)	 Lines		l1		and		l2	are	given	below,	relative	to	a	fixed	origin	O.		 	

	 |':				~̰ = �11Ḭ + 2J
̰
+ 17K̰Ä + Å�−2Ḭ + J

̰
− 4K̰Ä	 	

	 |!:				~̰ = �−5Ḭ + 11J
̰
+ _K̰Ä + Ç�−3Ḭ + 2J

̰
+ 2K̰Ä	 	

	 where	Å	and	Ç	are	scalar	parameters.		 	

	 (i)	 Given	that	line	l1	and	l2	intersect,	find	the	value	of	p.	 3	

	 (ii)	 Hence	find	the	point	of	intersection	of	line	l1	and	l2	.	 1	

	 	 	

	 	 	

	 	 	

(c)	 Show	that		C = 2A,	É = √3 + A		and		L = −√3 − A	are	vertices	of	an	equilateral	
triangle.	

2	

	 	 	

	 	 	

	 	 	

(d)	 A particle	is	moving	in	a	straight	line	in	simple	harmonic	motion.	If	the	
amplitude	of	the	motion	is	2	cm	and	the	period	of	the	motion	is	4	seconds,	
calculate	the:	

	

	  maximum	velocity	of	the	particle.	 2	

	  speed	of	the	particle	when	it	is	1	cm	from	the	centre	of	the	motion.	 2	

	 	 	

	 	 	

	 	 	

(e)	 A	particle	is	projected	with	a	speed	of	10	m/s	and	passes	through	a	point	P	
whose	horizontal	distance	from	the	point	of	projection	is	5	m	and	whose	
vertical	height	above	the	point	of	projection	is	6.25	m.	What	is	the	angle	of	
projection	?	Answer	correct	to	the	nearest	minute	and	assume	g	=	10	m/s2.	

2	
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Question	14	(15	marks)	 	 Marks	

	 	 	 	

(a)	 Express	in	modulus-argument	form	 	

	  −1 + A	 2	

	  (−1 + A)
),		where	n	is	a	positive	integer.	 1	

	 	 	

	 	 	

	 	 	

(b)	 Given		b + c = Ñ,		prove	that,	for		b > 0,	c > 0		and		Ñ > 0	 3	

	
1

b

+

1

c

>

4

Ñ

	
	

	 	 	

	 	 	

(c)	 A	particle	is	projected	to	just	clear	two	poles	of	height	h	metres	at	distances	of	
b	and	c	metres	from	the	point	of	projection.	Let	v	be	the	velocity	of	the	
projection	at	angle	Ü	to	the	horizontal.	

	

	
 Show	that		L

!
=

(c + á)àsec
!
Ü

2tanÜ

	 3	

	
 Hence	or	otherwise	show	that		tanÜ =

ℎ(c + á)

cá

	 2	

	  What	is	the	expression	in	terms	of	h,	b	and	c,	for	the	greatest	height	the	
particle	reaches	?	 2	

	 	 	

	 	 	

	 	 	

(d)	 Show	that		

4

s

> ln4		for		4 > s.	 2	
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Question	15	(15	marks)	 	 Marks	

	 	 	 	

(a)	 Solve	the	equation		C! = |C|
!
− 4	 3	

	 	 	

	 	 	

	 	 	

(b)	 Use	mathematical	induction	to	show	that		(cosÜ + AsinÜ)
)
= cosnÜ + AsinnÜ		

for	all	positive	integers	n ≥ 1.	
4	

	 	 	

	 	 	

	 	 	

(c)	 Position	vectors	of	the	points	A,	B	and	C,	relative	to	an	origin	O,	are		−Ḭ − J
̰
,		

J
̰
+ 2K̰,		and		4Ḭ + K̰	respectively.	

	

	 (i)	 Find		itggggg⃗ 	.	 1	

	 (ii)	 Find		|itggggg⃗ |.	 1	

	 (iii)	 Prove	that		∠it?		is	a	right	angle.	 3	

	 	 	

	 	 	

(d)	 A	particle	of	mass	m	is	moving	in	a	straight	line	under	the	action	of	a	force.	 3	

	
å =

Ñ

4
" (6 − 104)	

	

	 What	is	the	velocity	in	any	position,	if	the	particle	starts	from	rest	at		4 = 1	?	 	
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Question	16	(15	marks)	 	 Marks	

	 	 	 	

(a)	  Let		é) = 3 (1 − 4
.
)
)
84

'

$
		where	~ > 0		for	n = 1, 2, 3, …	 2	

	
Show	that		é) =

n~

n~ + 1

é)+'		 	

	
 Hence	or	otherwise, find	the	exact	value	of	3 (1 − 4

"
!)"84

'

$
	 2	

	 	 	

	 	 	

	 	 	

(b)	 Let	a,	b	and	c	be	real	numbers	such	that		b > c > á > 1.	 	

	  Show	that		b/+0c0+1 > á
/+1 .	 1	

	  Hence	show	that		b/c0á1 > b
0
c
1
á
/	.	 1	

	 	 	

	 	 	

	 	 	

(c)	 Sketch	the	locus	of	z	on	the	Argand	diagram	where	the	inequalities	
|C − 1| ≤ 3	and	Im(C) ≥ 3	hold	simultaneously.	

3	

	 	 	

	 	 	

	 	 	

(d)	 The	point	A,	with	coordinates	(0,	a,	b)	lies	on	the	line	l1,	which	has	the	
equation:	

	

	
|':				~̰ = 6Ḭ + 19J

̰
− K̰ + Å�Ḭ + 4J

̰
− 2K̰Ä	 	

	  Find	the	values	of	a	and	b.	 2	

	  The	point	P	lies	on	l1	and	is	such	that	OP	is	perpendicular	to	l1,	where	O	
is	the	origin.	Find	the	position	vector	of	point	P.	

4	

	
	
	
	
	
	
	
	
	
	
	
	
	
	

End	of	paper	
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ACE	Examination	2023	
Year	12	Mathematics	Extension	2	Yearly	Examination	
Worked	solutions	and	marking	guidelines	
	
Section	I	

	 Solution	 Criteria	

1	 Let		G = 4
!
+ 1	

8G

84

= 24			and		484 =

1

2

8G	

3

4

√4
!
+ 1

! 84 =

1

2

3

1

√G

! 8G	

=

1

2

3G

+'"8G	

=

1

2

×

3

2

G

!
" + ?	

=

3

4

<(4
!
+ 1)

!!
+ ?	

	

1	Mark:	C	

2	
�C − (2 + 3A)Ä�C − (2 − 3A)Ä = 0	

C
!
− 2C + 3AC − 2C − 3AC + 4 + 9 = 0	

∴ C
!
− 4C + 13 = 0	

	

1	Mark:	A	

3	
G̰	. 	L̰ = 1 × 4 + (−1) × 12 + (−1) × (−3)	

= −5	

	

1	Mark:	A	

4	
C = 3 Pcos

π

6

+ Asin

π

6

S	

CU = 3 Pcos

π

6

− Asin

π

6

S	

CU
"
= 3

"
îcos

3π

6

− Asin

3π

6

ï	

= 27 Pcos

π

2

− Asin

π

2

S	

	

1	Mark:	C	

5	
<4

!
+ ñ

!
+ C

!
= <1

!
+ (−3)

!
+ 5

!
	

= √35	

	

1	Mark:	B		
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6	 L
!
+ 94

!
= K	

L
!
= K − 94

!
	

4̈ =

8

84

ó

L
!

2

ò	

=

8

84

ó

K

2

−

94
!

2

ò	

= −94 = −n
!
4	

Hence	n = 3	

Period	

ô =

2π

n

=

2π

3

	

1	Mark:	D	

7	 The	converse	of	a	statement	‘If	Y	then	[’	is	‘If	[	then	Y’.	

The	statements	can	be	represented	as:	the	converse	of	Y	⇒	[	

is	[	⇒	Y	or	Y	⇐	[.	The	converse	of	a	true	statement	need	not	

be	true.	

1	Mark:	A	

8	
L = ](4)	

b = L

8L

84

= ](4)]′(4)	

1	Mark:	D	

9	 Using	the	conjugate	root	theorem		(2 + A)		and		(2 − A)		are	
both	roots	of	the	equation		C" + _C + ` = 0.	
(2 + A) + (2 − A) + ö = 0	(sum	of	the	roots)	

ö = −4	
(2 + A) × (2 − A) × (−4) = −`	(product	of	the	roots)	

(4 + 1) × (−4) = −`	

` = 20	
(2 + A)(2 − A) + (2 − A) × (−4) + (2 + A) × (−4) = _	

_ = −11	
∴ _ = −11	and		` = 20	

1	Mark:	B	

10	 Use	the	substitution		G = cos4	

8G

84

= −sin4	

8G = −sin484	

When		x	=	0	then		G = 1		and		when		4 = #
!		then	G = 0	

3

sin4

√1 − cos
!
4

84

#
!

$
= 3

−1

√1 − G
! 8G

$

'
	

= [sin
+'
G]$
'
	

=

a

2

	

1	Mark:	D	
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Section	II	

	 Solution	 Criteria	

11(a)	
(i)	

ICd = I(4 − I)
UUUUUUUUUU

= 4I + 1
UUUUUUUU

	

= 1 − 4A	

1	Mark:	Correct	
answer.	

11(a)	
(ii)	

1

C

=

1

4 − A

×

4 + A

4 + A

=

4 + A

16 + 1

	

=

4

17

+

1

17

A	

1	Mark:	Correct	
answer.	

11(b)	 ùei
ggggg⃗
ù = <2

!
+ 6

!
+ (−3)

!
	

= √49 = 7	

ei
ggggg⃗
û

=

ei
ggggg⃗

ùei
ggggg⃗
ù

	

=

1

7

(2Ḭ + 6J
̰
− 3K̰)	

2	Marks:	Correct	
answer.	
	
1	Mark:	Finds	the	
magnitude	of	eiggggg⃗ .	

11(c)	 Let		G = 4
!
+ 4	

8G

84

= 24		ü~		

1

2

8G = 484 

When  x = 0  then u = 4   and when  x = √5  then  u = 9 

3

4

√4
!
+ 4

√&

$
84 =

1

2

3

1

√G

8G

2

-
=

1

2

3 G

+'!8G
2

-
	

=

1

2

†2G

'
!°
-

2
	

= ¢√9 − √4£	

= 1	

2 marks: Correct 
answer. 
 
1	mark:	Sets	up	the	
integral	in	terms		
of	u.	

11(d)	
(i)	

	

1	Mark:	Correct	
answer.	

11(d)	
(ii)	

See	Argand	diagram	above.	 1	Mark:	Correct	
answer.	

11(d)	
(iii)	

Vectors	OC	and	AB	form	a	parallelogram	
However	OA	=	OB	=	2.	Hence	OBCA	is	a	rhombus.	
Diagonal	of	a	rhombus	bisects	the	angle	through	which	it	
passes	

∴ ∠ie? =

1

2

× P

π

2

−

π

12

S =

5π

24

	

arg(C'+C!) =
π

12

+

5π

24

	

=

7π

24

	

2	Marks:	Correct	
answer.	
	
1	Mark:	Shows	
some	
understanding.	
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11(e)	
3

1

√12 + 44 − 4
! 84 = 3

1

<12 − (4
!
− 44)

84	

= 3

1

<16 − (4
!
− 44 + 4)

84	

= 3

1

<16 − (4 − 2)
!
84	

= sin
+'
î

4 − 2

4

ï + ?	

2	Marks:	Correct	
answer.	
	
1	Mark:	Completes	
the	square.	

11(f)	 Step	1:	To	prove	true	for	n	=	1		
LHS = 1 + 4		

RHS =

4
'*'

− 1

4 − 1

=

(4 + 1)(4 − 1)

(4 − 1)

= 1 + 4	

Result	is	true	for	n	=	1	
Step	2:	Assume	true	for	n	=	k	

•3 =
4
3*'

− 1

4 − 1

	

Step	3:	To	prove	true	for	n	=	k	+	1		

•3*' =
4
3*!

− 1

4 − 1

	

•3 + ô3*' = •3*'	

LHS =

4
3*'

− 1

4 − 1

+ 4
3*'

	

=

4
3*'

− 1

4 − 1

+

4
3*'

(4 − 1)

(4 − 1)

	

=

4
3*'

− 1 + 4
3*!

− 4
3*'

4 − 1

	

=

4
3*!

− 1

4 − 1

	

= RHS	
Step	4:	True	by	induction	

3 marks: Correct 
answer. 
 
2 marks: Proves the 
result true for  
n = 1 and attempts 
to use the result of 
 n = k to prove the 
result for  
n = k + 1 
 
1	mark:	Proves	the	
result	true	for	n	=	
1.	

12(a)	
34	s

+,
84	

G = 4			

8G

84

= 1	

8L

84

= s
+,
				L = −s

+,
		

3G

8L

84

84 = GL −3L

8G

84

84	

34	s
+,
84 = 4 × (−s

+,
) − 3−s

+,
× 184	

= −4s
+,
+3s

+,
84	

= −4s
+,
− s

+,
+ ?	

3	Marks:	Correct	
answer.	
	
2	Marks:	Makes	
significant	
progress.	
	
1	Mark:	Correctly	
applies	integration	
by	parts.	

12(b)	
(i)	 (1 + Ab)

-
= 1 + 4Ab − 6b

!
− 4Ab

"
+ b

-	
1	Mark:	Correct	
answer.	
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12(b)	
(ii)	

(1 + Ab)
-
	is	real	if		4b − 4b

"
= 0	

Then	4b(1 − b
!
) = 0						

∴ b = 0,±1	

2	Marks:	Correct	
answer.	
1	Mark:	Finds	an	
equation	for	a	or	
equivalent	merit.	

12(c)	
(i)	

54
"
− 34

!
+ 24 − 1

4
!
(4

!
+ 1)

=

i

4

+

t

4
! +

?4 + u

4
!
+ 1

	

Using	partial	fractions	to	find		A,	B,	C	and	D	
54

"
− 34

!
+ 24 − 1 = i4(4

!
+ 1) + t(4

!
+ 1) + (?4 + u)4

!
	

= i4
"
+ i4 + t4

!
+ t + ?4

"
+ u4

!
	

= (i + ?)4
"
+ (t + u)4

!
+ i4 + t 

Equating the coefficients 

i + ? = 5	①		

t + u = −3	②	

i = 2		and		t = −1	 

Equation ① 
2 + ? = 5		or		? = 3 
Equation ② 

t + u = −3		or		u = −2	

∴ i = 2, t = −1, ? = 3	and	u = −2	

2 Marks: Correct 
answer. 
 
1	Mark:	Makes	
progress	in	finding	
A,	B,	C	or	D.	

12(c)	
(ii)	 3

54
"
− 34

!
+ 24 − 1

4
!
(4

!
+ 1)

84 = 3

2

4

−

1

4
! +

34 − 2

4
!
+ 1

84	

= 3

2

4

−

1

4
! +

34

4
!
+ 1

−

2

4
!
+ 1

84	

= 2ln|4| +

1

4

+

3

2

ln(4
!
+ 1) − 2tan

+'
4 + ?	

2 Marks: Correct 
answer. 
 
1	Mark:	Correctly	
finds	one	of	the	
integrals.	

12(d)	
(i)	

4̈ = −12sin2x	

4̇ = −123sin2x8x	

= −1232sinxcosx8x	

= −12sin
!
x + ? 

When		x = 0, 4̇ = 6			hence		? = 6	

∴ 4̇ = −12sin
!
x + 6	

2	Marks:	Correct	
answer.	
	
1	Mark:	Shows	
some	
understanding.	

12(d)	
(ii)	 4 = 3−12sin

!
x + 68x	

= 3−12 î

1 − cos2x

2

ï + 68x = 3−6 + 6cos2x + 68x	

= 36cos2x8x	

= 3sin2x + ?	
When		x = 0,	4 = 0			hence		? = 0	
∴ 4 = 3sin2x	
Then	
4̈ = −12sin2x	

= −4 × 3sin2x	
= −44	

3	Marks:	Correct	
answer.	
	
2	Marks:	Makes	
significant	
progress	towards	
the	solution.	
	
1	Mark:	Finds	
4 = 3sin2x + ?		or	
equivalent	merit.	
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13(a)	
3

1

94
!
+ 64 + 5

84 = 3

84

9 ´P4
!
+

2

3

4S¨ + 5

	

= 3

84

9 ≠P4 +

1

3

S

!
−

1

9

Æ + 5

	

= 3

84

9 P4 +

1

3

S

!
+ 4

	

= 3

84

(34 + 1)
!
+ 2

!	

=

1

3

3

384

(34 + 1)
!
+ 2

!	

=

1

6

tan
+' (34 + 1)

2

+ ?	

3	Marks:	Correct	
answer.	
	
2	Marks:	Makes	
significant	
progress	towards	
the	solution.	
	
1	Mark:	Shows	
some	
understanding.	

13(b)	
(i)	

Line	l1	intersects	the	line	l2	then:	
�11Ḭ + 2J

̰
+ 17K̰Ä + Å�−2Ḭ + J

̰
− 4K̰Ä	

																											= �−5Ḭ + 11J
̰
+ _K̰Ä + Ç�−3Ḭ + 2J

̰
+ 2K̰Ä	

11 − 2Å = −5 − 3Ç	①	

2 + Å = 11 + 2Ç		②	

17 − 4Å = _ + 2Ç		③	
Equation		①+2×②			15 = 17 + Ç			then			Ç = −2	
Equation		②				2 + Å = 11 − 4			then			Å = 5	
Equation		③				17 − 4 × 5 = _ + 2 × −2	

_ = 17 − 20 + 4	

= 1	
\The	value	of	p	is	1.	

3	Marks:	Correct	
answer.	
	
2	Marks:	Finds	the	
correct	values	for	Å	
and	Ç.		
	
1	Mark:	Shows	
some	
understanding.	

13(b)	
(ii)	

From	13(b)(i)		Å = 5,		Ç = −2		and		_ = 1	
|':	�11Ḭ + 2J̰ + 17K̰Ä + 5�−2Ḭ + J̰ − 4K̰Ä = Ḭ + 7J

̰
+ −3K̰		or	

|!:	�−5Ḭ + 11J̰ + K̰Ä + −2�−3Ḭ + 2J̰ + 2K̰Ä = Ḭ + 7J
̰
+ −3K̰	

\	Point	of	intersection	is		Ḭ + 7J
̰
+ −3K̰	.	

1	Mark:	Correct	
answer.	

13(c)	 Pythagoras theorem 

CÉ = ±3
!
+ �√3Ä

!
	

= √12 = 2√3 

CL = ±3
!
+ �√3Ä

!
	

= √12 = 2√3 

ÉL = √3 + √3	

= 2√3 
\Equilateral	triangle. 

	

2	Marks:	Correct	
answer.	
	
1	Mark:		Plots	the	
points	or	makes	
some	progress.	
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13(d)	
(i)	

Amplitude	of	motion	is	2	cm	(a	=	2)	
Period	of	motion	is	4	seconds	

ô =

2a

n

= 4	

n =

a

2

	

L
!
= n

!
(b

!
− 4

!
)	

= P

a

2

S

!
(2

!
− 4

!
)	

Maximum	velocity	occurs	when	x	=	0	

L
!
= P

a

2

S

!
× 2

!
		

L = a	cms
+'	

2	Marks:	Correct	
answer.	
	
1	Mark:	Finds	the	
values	of	a	and	n	or	
shows	some	
understanding	of	
the	problem.	

13(d)	
(ii)	

Displacement	is	4 = ±1	cm	

L
!
= P

a

2

S

!
(2

!
− (±1)

!
)	

=

3a
!

4

	

L = ±

√3

2

a	cms
+'	

2	Marks:	Correct	
answer.	
1	Mark:	Makes	
some	progress	
towards	the	
solution.	

13(e)	 Equations	of	projectile	motion	
4 = ≤xcosö	

5 = 10xcosö		

x =

1

2cosö

	①		

ñ = −

1

2

àx
!
+ ≤xsinö	

6.25 = −

1

2

× 10 × x
!
+ 10xsinö	

25= −20x
!
+ 40xsinö	②	

Substituting	equation	①	into	equation	②	

25 = −20 × î

1

2cosö

ï

!
+ 40 × î

1

2cosö

ï × sinö	

25 = −5sec
!
ö + 20tanö	

5 = −(tan
!
ö + 1) + 4tanö	

tan
!
ö − 4tanö + 4 = 0	

(tanö − 2)
!
= 0	

tanö = 2	

ö = tan
+'
2	

= 63°26′	

2	Marks:	Correct	
answer.	
	
1	Mark:	Shows	
some	
understanding.	

14(a)	
(i)	

~
!
= 1

!
+ 1

!
	

~ = √2	

tanÜ =

1

−1

	

Ü =

3π

4

	
	

2	Marks:	Correct	
answer.	
	
1	Mark:		Correctly	
determines	the	
argument	or	the	
modulus.	

∴ −1 + A = √2îcos

3π

4

+ Asin

3π

4

ï	
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14(a)	
(ii)	 (−1 + A)

)
= �√2Ä

)
îcos

3π

4

+ Asin

3π

4

ï

)
	

= 2

)
! îcos

3nπ

4

+ Asin

3nπ

4

ï	

1	Mark:	Correct	
answer.	

14(b)	 1

b

+

1

c

−

4

Ñ

=

1

b

+

1

c

−

4

b + c

	

=

c(b + c) + b(b + c) − 4bc

bc(b + c)

	

=

(b + c)
!
− 4bc

bc(b + c)

	

=

b
!
− 2bc + c

!

bc(b + c)

	

=

(b − c)
!

bc(b + c)

	

Given		b > 0,	c > 0		then		bc(b + c) > 0	
Also		(b − c)! > 0		for	all	values	of	a	and	b	
Hence	
1

b

+

1

c

−

4

Ñ

=

(b − c)
!

bc(b + c)

> 0	

∴

1

b

+

1

c

>

4

Ñ

	

3	Marks:	Correct	
answer.	
	
2	Marks:	Makes	
significant	
progress	towards	
the	solution.	
	
1	Mark:	Shows	
some	
understanding.	

14(c)	
(i)	

Cartesian	equation	of	the	path	

ñ = 4tanÜ −

à4
!

2L
! sec

!
Ü	

Passes	through	(c, ℎ)	and	(á, ℎ)	

ℎ = ctanÜ −

àc
!

2L
! sec

!
Ü		①		

ℎ = átanÜ −

àá
!

2L
! sec

!
Ü		②		

Equating	equations	①	and	②	

ctanÜ −

àc
!

2L
! sec

!
Ü = ℎ = átanÜ −

àá
!

2L
! sec

!
Ü	

(c − á)tanÜ = (c
!
− á

!
)

à

2L
! sec

!
Ü	

tanÜ = (c + á)

à

2L
! sec

!
Ü	

∴ L
!
=

(c + á)àsec
!
Ü

2tanÜ

	

3	Marks:	Correct	
answer.	
	
2	Marks:	Makes	
significant	
progress	towards	
the	solution.	
	
1	Mark:	Uses	the	
cartesian	equation	
of	the	path	with	
either	(c, ℎ)	or	
(á, ℎ).	

14(c)	
(ii)	

Substitute	the	result	for	L!	into	equation	①	

ℎ = ctanÜ −

àc
!
sec

!
Ü

2

×

2tanÜ

(c + á)àsec
!
Ü

		

ℎ = ctanÜ −

c
!
tanÜ

c + á

	

ℎ(c + á) = (c
!
+ cá)tanÜ − c

!
tanÜ	

= cátanÜ	

∴ tanÜ =

ℎ(c + á)

cá

	

2	Marks:	Correct	
answer.	
	
1	Mark:	Shows	
some	
understanding.	
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14(c)	
(iii)	 Greatest	height	at		4 =

c + á

2

	

ñ = î

c + á

2

ï tanÜ − î

c + á

2

ï

!
×

àsec
!
Ü	2tanÜ

2(c + á)àsec
!
Ü

	

= î

c + á

2

ï tanÜ − î

c + á

4

ï × tanÜ	

= î

c + á

4

ï tanÜ	

= î

c + á

4

ï 	

ℎ(c + á)

cá

	

ñ =

ℎ(c + á)
!

4cá

	

	

2	Marks:	Correct	
answer.	
	
1	Mark:		Shows	
some	
understanding.	

14(d)	
Let	](4) =

4

s

− ln4	for	4 > s 

Hence ](s) = 0 and ](4) is an increasing function 4 > s 

∴ ](4) > 0	for	4 > s 

∴

4

s

> ln4	for	4 > s	

	

2	Marks:	Correct	
answer.	
	
1	Mark:	Uses		
](s) = 0	to	deduce	
required	
inequality.	

15(a)	 Let		C = 4 + Añ	

Then		C! = (4 + Añ)
!
= 4

!
+ 2A4ñ − ñ

!	

C
!
= |C|

!
− 4	

4
!
+ 2A4ñ − ñ

!
= |4 + Añ|

!
− 4	

4
!
+ 2A4ñ − ñ

!
= P<4

!
+ ñ

!
S

!
− 4	

4
!
+ 2A4ñ − ñ

!
= 4

!
+ ñ

!
− 4	

2A4ñ − ñ
!
= ñ

!
− 4	

2ñ
!
− 2A4ñ − 4 = 0	

2(ñ
!
− A4ñ − 2) = 0	

(ñ
!
− 2) = 0		then			ñ = ±√2	

A4ñ = 0				then			4 = 0	

Therefore	

C = 4 + Añ	

C = ±√2A	

	

3	Marks:	Correct	
answer.	
	
2	Marks:	Makes	
significant	
progress	towards	
the	solution.	
	
1	Mark:	Writes	the	
equation	using	
	C = 4 + Añ	
or	equivalent	
merit.	
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15(b)	 Step	1:	To	prove	true	for	n	=	1		

LHS = (cosÜ + AsinÜ)
'
= cosÜ + AsinÜ	

RHS = cos1Ü + Asin1Ü = cosÜ + AsinÜ	

Result	is	true	for	n	=	1	

Step	2:	Assume	true	for	n	=	k	

(cosÜ + AsinÜ)
3
= cosKÜ + AsinKÜ	

Step	3:	To	prove	true	for	n	=	k	+	1		

(cosÜ + AsinÜ)
3*'

= cos(K + 1)Ü + Asin(K + 1)Ü	

LHS = (cosÜ + AsinÜ)
3*'

	

= (cosÜ + AsinÜ)
3
× (cosÜ + AsinÜ)	

= (cosKÜ + AsinKÜ)(cosÜ + AsinÜ)	

= (cosKÜcosÜ − sinKÜsinÜ) + A(sinKÜcosÜ + cosKÜsinÜ)	

= cos(KÜ + Ü) + Asin(KÜ + Ü)	

= cos(K + 1)Ü + Asin(K + 1)Ü	

= RHS	

Step	4:	True	by	induction	

4	Marks:	Correct	
answer.	
3	Marks:	Makes	
significant	
progress	towards	
the	solution.	
	
2	Marks:	Proves	
the	result	true	for		
n	=	1	and	attempts	
to	use	the	result	of		
n	=	k	to	prove	the	
result	for		
n	=	k	+	1	
1	Mark:	Proves	the	
result	true	for	n	=	1	

15(c)	
(i)	

it
ggggg⃗

= et
ggggg⃗

− ei
ggggg⃗
	

= �J
̰
+ 2K̰Ä − �−Ḭ − J

̰
Ä	

= Ḭ + 2J
̰
+ 2K̰ 

1	Mark:	Correct	
answer.	

15(c)	
(ii)	

ùit
ggggg⃗
ù = <4

!
+ ñ

!
+ C

!
	

= <1
!
+ 2

!
+ 2

!
	

= 3 

1	Mark:	Correct	
answer.	

15(c)	
(iii)	

t?
ggggg⃗

= e?
ggggg⃗

− et
ggggg⃗

	

= (4Ḭ + K̰) − �J
̰
+ 2K̰Ä	

= 4Ḭ − J
̰
− K̰	

ùt?
ggggg⃗
ù = <4

!
+ ñ

!
+ C

!
	

= <4
!
+ (−1)

!
+ (−1)

!
	

= 3√2 

cos∠?it =

it
ggggg⃗

· t?
ggggg⃗

ùit
ggggg⃗

ùùt?
ggggg⃗
ù

	

=

1 × 4 + 2 × (−1) + 2 × (−1)

3 × 3√2

	

=

0

9√2

= 0	

∠?it = 90°	

3	Marks:	Correct	
answer.	
	
2	Marks:	Uses	the	
angle	between	two	
vectors.	
	
1	Mark:	Finds	t?ggggg⃗ 	
or	ùt?ggggg⃗ ù.	
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15(d)	
å =

Ñ

4
" (6 − 104)	

Ñb =

Ñ

4
" (6 − 104)	

L

8L

84

=

6

4
" −

10

4
! 	

3 L8L = 3î

6

4
" −

10

4
!ï84	

1

2

L
!
= ó

64
+!

−2

−

104
+'

−1

ò + ?	

1

2

L
!
= î

−3

4
! +

10

4

ï + ?	

When		L = 0		and		4 = 1	

1

2

0
!
= î

−3

1
! +

10

1

ï + ?	

? = −7	
Hence	
1

2

L
!
= î

−3

4
! +

10

4

ï − 7	

L
!
= î

−6

4
! +

20

4

ï − 14	

=

−6 + 204 − 144
!

4
! 	

L = ±

1

4

<2(−3 + 104 − 74
!
)	

3	Marks:	Correct	
answer.	
	
2	Marks:	Integrates	
and	uses	the	initial	
conditions	to	find	
an	expression	for	
1

2

L
!
.	

	
1	Mark:	Uses		

L

8L

84

	for		

acceleration.	

16(a)	
(i)	 é) = 3 (1 − 4

.
)
)
84

'

$
	

= [4(1 − 4
.
)
)
]$
'
− n3 4(1 − 4

.
)
)+'

(−~4
.+'

)84

'

$
	

= 0 − n~3 [(1 − 4
.
)
)
− 1](1 − 4

.
)
)+'

84

'

$
	

= 0 − n~3 (1 − 4
.
)
)
− (1 − 4

.
)
)+'

84

'

$
	

é) = n~(−é) + é)+')	
(n~ + 1)é) = n~é)+'	

é) =
n~

n~ + 1

é)+'	

2	Marks:	Correct	
answer.	
	
1	Mark:	Sets	up	the	
integration	by	
parts.	

16(a)	
(ii)	 For		~ =

3

2

		and		n = 3	

é" =
3 ×

3

2

3 ×

3

2

+ 1

× é!				é! =
2 ×

3

2

2 ×

3

2

+ 1

× é'				é' =
1 ×

3

2

1 ×

3

2

+ 1

× é$	

But			é$ = 3 (1 − 4
.
)
$
84

'

$
= 3 184 = 1

'

$
	

é" =
3 ×

3

2

3 ×

3

2

+ 1

×

2 ×

3

2

2 ×

3

2

+ 1

×

1 ×

3

2

1 ×

3

2

+ 1

× 1 =

81

220

	

2	Marks:	Correct	
answer.	
	
1	Mark:	Shows	
some	
understanding.	

16(b)	
(i)	

b
/+0

c
0+1

> á
/+0

á
0+1

= á
/+1 		since		b > c > á > 1	

∴ b
/+0

c
0+1

> á
/+1 		

1	Mark:	Correct	
answer.	

16(b)
(ii)	

�b
0
c
1
á
1
Ä × b

/+0
c
0+1

> �b
0
c
1
á
1
Ä × á

/+1
	

∴ b
/
c
0
á
1
> b

0
c
1
á
/	

1	Mark:	Correct	
answer.	
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16(c)	 |C − 1| ≤ 3	represents	a	region	with	centre	(1,	0)	and	radius	
less	than	or	equal	to	3.	
Im(C) ≥ 3	represents	a	region	above	the	horizontal	line	y	=	3.		
The	point	(1,3)	is	where	the	two	inequalities	hold.	

	

3	Marks:	Correct	
answer.	
	
2	Marks:	Correctly	
graphs	one	
inequality.	
	
1	Mark:	Makes	
some	progress.	

16(d)	
(i)	

Ḭ	component	
6 + Å = 0	

Å = −6	
J
̰
	component	

19 − 6 × 4 = b	

b = −5	
K̰	component	
−1 − 6 × (−2) = c	

\	a	=	–5	and	b	=	11.		

2	Marks:	Correct	
answer.	
	
1	Mark:	Finds	Å	or	
shows	some	
understanding.	

16(d)
(ii)	

eY
ggggg⃗

= (6 + Å)Ḭ + (19 + 4Å)J
̰
+ (−1 − 2Å)K̰	

Direction	vector	of		l1:	Ḭ + 4J̰ − 2K̰	

eY
ggggg⃗ 	and	l1	are	perpendicular	

¢(6 + Å)Ḭ + (19 + 4Å)J
̰
+ (−1 − 2Å)K̰£ · (Ḭ + 4J

̰
− 2K)

̰
= 0	

Hence	

6 + Å + (19 + 4Å)4 + (−1 − 2Å) − 2 = 0	

6 + Å + 76 + 16Å + 2 + 4Å = 0	

21Å + 84 = 0	

Å = −4	

Therefore	

eY
ggggg⃗

= (6 − 4)Ḭ + (19 + 4 × (−4))J
̰
+ (−1 − 2 × (−4))K̰	

= 2Ḭ + 3J
̰
+ 7K̰	

	

4	Marks:	Correct	
answer.	
	
3	Marks:	Makes	
significant	
progress	towards	
the	solution.	
	
2	Marks:	Applies	
the	statement	for	
perpendicular	
vectors.	
	
1	Mark:	Shows	
some	
understanding.		

	


