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Section 1

10 marks
Attempt questions 1 - 10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for questions 1-10

X
1. Which of the following is an expression for J ——dx?
sRAnEw 1

(A) ;3 x2+12+C

(B) %3 (x2+12+C
35

(9 1 x2+1)2+C

(D) ;3 (x2+12+C

2. What is the quadratic equation with solutions 2 + 3i and 2 — 3i?
(A) z2-4z+13=0
(B) 2z2—-4z-13=0
() z2+4z-5=0
(D) z2+4z-13=0

3. Iftwovectorsare u =t —)—k and v = 41 + 12 — 3k, what is their scalar product ?
(A) =5
(B) 19
(€ 4—127+3k
(D) Si+11)—4k

. T . . -3
4. Giventhat z =3 (cosE + isin g) ,what is the value of z° ?

A 9 (cosg — isin g)

B) 9 (cosg + isin g)

< 27 (cosg — isin g)

(D) 27 (cosg + isin g)
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5. What is the magnitude of the vector ¢ — 3] + 5k ?

A) V17
(B) 35
© 17
(D) 35

6. A particle moves in simple harmonic motion such that v2 + 9x2 = k.
What is the period of the particle’s motion ?

(A) 27“ (B) 3m
3k 2T
© = ™

7. The converse of P = Q is:
(A @=r
(B) Q<0
(©)  (not P) & (notQ)
(D) (notQ) = (not P)

8. The velocity of a body moving in a straight line is given by v = f(x) where x metres is the
distance from origin and v is the velocity in metres per second. The acceleration of the
body in ms-2 is given by:

a)  f'()
B) [
@  xf'(0

(D) fOIf'(x)
9. What are the values of real numbers p and g such that (2 — i) is a root of the equation
z3+pz+q=07?
(A) p=-11land q =-20
(B) p=-11land g =20
() p=1land q =-20
(D) p=11land q =20

n .
2 sinx

10. Whatis the value of ——dx ?
o V1 —cos2x

A -—m

T

B) - >
€ =
T
(D) 5
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Section I1
90 marks
Attempt questions 11-16

Allow about 2 hours and 4.5 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.
Your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 marks) Marks

(@) If z=4 -1, express the following in the form a + ib where a and b are real.

(i iz 1
1
(i) - 1
z
(b)  The point A4 has position vector 0A = 21+ 6 — 3k relative to an origin 0. 2

Find a unit vector parallel to [

V5

X
(/)  Find the value of J ——dx. 2
o Vx2+4

(d) Lettwo complex numbers be z; = 2coslﬁ—2 + isin;—2 and z, = 2i.

(i) Onan Argand diagram sketch the vectors OA and OB to represent z; 1
and z, respectively.
(i) Draw the vectors z;+z, and z; —z, on the same Argand diagram. 1

(iii) What is the exact value of arg(z,+z,) ?

1
(€) FindJ—dx 2
V12 + 4x — x?
xn+1_1
(f)  Showthatif x # 1 then 1+ x + x2+...+x" = —+— forn > 1. 3
-1
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Question 12 (15 marks) Marks

(a) Useintegration by parts to evaluate J x e *dx 3

(b) (i) Whatis the expansion of (1 + ia)* in ascending powers of a ?
p gp

(i) Hence find the values of a such that. (1 + ia)* is real.

(c) (i) Findreal numbers A4, B, C and D such that 2
5x3—3x2+2x—1_A+ B +Cx+D
x2(x2+1) Tx o ox2 x241
, i 5x3 —3x2+2x—1 2
(i) Hence find J 20 F D) dx

(d) A particle is moving in simple harmonic motion with its acceleration given by:
X = —12sin2t
Initially, the particle is at the origin and has a positive velocity of 6 m/s.

(i)  Find the equation for the particle’s velocity. 2
(i) Showthat ¥ = —4x. 3
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Question 13 (15 marks) Marks

1

(a) By completing the square, find J—9x2 T or S dx

(b) Lines 1 and [; are given below, relative to a fixed origin O.
li: 7= (111 +2) +17k) + A(=21 + ] — 4k)
L: 7= (-5t+ 11y + plg) +u(-3t+ 2] + 215)
where A and p are scalar parameters.

(i)  Given thatline /1 and I intersect, find the value of p.

(ii) Hence find the point of intersection of line I and /.

() Showthat z=2i,w =+/3+i and v = —/3 — i are vertices of an equilateral 2
triangle.

(d) A particle is moving in a straight line in simple harmonic motion. If the

amplitude of the motion is 2 cm and the period of the motion is 4 seconds,
calculate the:

(i) maximum velocity of the particle. 2

(ii) speed of the particle when itis 1 cm from the centre of the motion. 2

(e) A particle is projected with a speed of 10 m/s and passes through a point P 2
whose horizontal distance from the point of projection is 5 m and whose
vertical height above the point of projection is 6.25 m. What is the angle of
projection ? Answer correct to the nearest minute and assume g = 10 m/s2.
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Question 14 (15 marks) Marks

(a) Expressin modulus-argument form

i -1+ 2

(i) (=14 i)™ where nis a positive integer. 1

(b) Given a+ b =m, prove that,for a >0,b >0 and m >0 3
1 1 4
a b m

(c) A particle is projected to just clear two poles of height h metres at distances of
b and c metres from the point of projection. Let v be the velocity of the
projection at angle 6 to the horizontal.

_ (b +c)gsec?d

i Show that v? = ——————— 3
(1) ow that v Seand

.. ) h(b + )
(i) Hence or otherwise show that tanf = — 2

(iii) What is the expression in terms of h, b and c, for the greatest height the
particle reaches ?

X
(d) Show that 2 > Inx for x > e. 2
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Question 15 (15 marks) Marks
(a) Solve the equation z2 = |z|? — 4 3
(b) Use mathematical induction to show that (cos6 + isinf)™ = cosné + isinnf 4

for all positive integers n > 1.

(c) Position vectors of the points 4, B and C, relative to an origin 0, are —t — J,
J + 2k, and 41 + k respectively.

() Find 4B . 1
(i)  Find |4B). 1
(iii) Prove that ZABC is aright angle. 3
(d) A particle of mass m is moving in a straight line under the action of a force. 3

m
F=—5(6-10x)

What is the velocity in any position, if the particle starts fromrestat x =17
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Question 16 (15 marks) Marks
1
(@ (i) Letl,= J (1 —=x")"dx wherer >0 forn=1,2,3,... 2
0
Show that I, = nr—+1]n_1
1 3
(i) Hence or otherwise, find the exact value of J (1 —x2)3dx 2
0

(b) Leta, band cbereal numbers suchthat a > b > ¢ > 1.
(i)  Showthat a®PpP=¢ > ca-¢,

(i) Hence show that a*b’c¢ > aPbc?.

(c)  Sketch the locus of z on the Argand diagram where the inequalities 3
|z — 1| < 3 and Im(z) > 3 hold simultaneously.

(d) The point 4, with coordinates (0, a, b) lies on the line /1, which has the
equation:

ly: 7;=6L+19l—l~c+/1(5+4]~—21~c)
(i)  Find the values of a and b.

(ii) The point Plies on I; and is such that OP is perpendicular to /1, where O 4
is the origin. Find the position vector of point P.

End of paper
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REFERENCE SHEET
Measurement Financial Mathematics
Length A=P(1+7)
| = i X 2mr
360
Sequences and series
Area
=ixm'2 7;,=a+(n—l)d
360
h . n n
A= —((1 + b) S, = 5[2(: +(n- ])d] = E(a +1)
Surface area 7;1 —
A =2nr’+ 2nrh
I - n n - I
A = 4nr? S="( : )=a(r ),r;tl
" l=r r—1
Volume
a
v="Lan §=11rl<!
3
V= ifrr3
3
Functions Logarithmic and Exponential Functions

2a

-b+ \/bz —4dac

For ax> + bx’ +cx +d = 0

b
a+[3+7=—5
c
aﬂ+ay+ﬁy=z
and aﬂy=—%1

Relations

(x=h) +(y-k) =

2

10

¢ log x
log,a* =x=a "

log, x

log, x = b
log,a

a = e.\'lnu



Trigonometric Functions

SinA = ﬂ, COSA = ﬂ tanA = ﬂ
hyp hyp adj
|
A =—absinC o
2 ﬁ 45
a_ _ b __c Aso
sinA  sinB  sinC
¢ =a*+b*=2abcosC
a+b*-c?
cosC = ————— 30)°
2ab )
2
[=r6
A= %rze /60° ]

Trigonometric identities

secA =L, cosA#0
COSA

CosecA = ,sinA #0

s

CotA

A

,sinA #()
A
cosx + sinx = |

Compound angles
sin(A + B) = sinAcos B + cos Asin B

cos(A + B) = cosAcos B —sinAsin B

tan(A + B) = tanA +tan B
I-tanAtan B

If t=lané then sinA =L

2 1+

2

cosA=] !

I+t

tanA=L

-7

cosAcosB = %[cos(A —B) +cos(A + B)]

sinAsinB = %[cos(A — B) —cos(A + B)]

sinAcosB = %[sin(A + B) + sin(A - B)]

cosAsinB = %[sin(A + B) —sin(A - B)]
.2 |

sin“nx = 5(1 - €08 2nx)

cos’nx = %(1 + cos 2nx)

11

Year 12 Mathematics Extension 2

Statistical Analysis

An outlier is a score

less than Q; — 1.5 X IQR
or

more than Q5 + 1.5 X IQR

X — U
o

d
<~

Normal distribution

¢ approximately 68% of scores have
z-scores between -1 and 1

* approximately 95% of scores have
z-scores between -2 and 2

* approximately 99.7% of scores have
z-scores between -3 and 3

E(X)=u
Var(X) = E[(X - p)*] = E(X?) - 12

Probability
P(AnB)=P(A)P(B)

P(AUB)=P(A)+ P(B) - P(ANB)
P(ANB)

P(A|B) = 0

,P(B)#0

Continuous random variables
X

P(X<x)= { S(x)dx

a

b

Pla< X <b) =J Sf(x)dx

a

Binomial distribution
P(X=r)="Cp'(1-p)""
X ~ Bin(n, p)
= P(X=x)

=(") (1=-p) " x=0,1 n

)P p) T, RS PR

E(X)=np
Var(X) =np(1-p)



Differential Calculus

Function
y=f(x)"
y=uy

vy = g(u) where u= f(x)

u
Vv

y =sin f(x)

y=cos f(x)

y=tan f(x)
y= Aty
y=In/(x)
y=a’®

y=log, f(x)

y=sin"" f(x)

y=cos~! f(x)

y=tan"! f£(x)

Derivative
(1_\' — ’ RS !
e nf'(x)[£(x)]
dy dv du
—=U—+V—
dx dx dx
dy dy du
—_ e Y —
dx du dx
vﬂ - uﬂ
ﬂ _ dx dx
(1.\ Ve
dy ,
= f(x)cos f(x)
dx
dy , .
= (o) sin£(x)
dx

Do i) sec f(x)
dx

dy _ f'(x)
dx  f(x)

@_ (Ina) f"(x)a’™
dx

dy _ f'(x)

dx  (Ina)f(x)
Ay fw

dx ’l _ [f(x)]Z
dy__ /)
dx h _ [f(r)]Z
dy  [(x)

dx 1+[f(x)]2

12
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Integral Calculus

[rwtrorac Lirr e
where n # -1

~

J(x)sin f(x)dx = —cos f(x)+¢

~

J(x)cos f(x)dx =sin f(x)+¢

~

£(x)sec? £(x)dx = tan £(x) + ¢

~

F(x)e Vdx =M 4 ¢

(/'(x)

J Ty de= ol G)l+e

a’ (x)

F(x)a"Mdx = +c

Ina

S'(x)

J \jaz —[f(.\')]2

S dx = ltan']M+ c
a’ +[f(.\‘)]2 a “

dx = sin"M+c

L.

uﬂd.\' =uv— vﬂdx
dx dx

rb

S(x)dx

Ja

=228 play+ S 0)+ 2 Sl

+f(xn—l)]}

where a = x, and b=x,



Combinatorics
p = n!
(n—=r)!
(n) _ne n!
r "ot n-r)

n

Vectors
|1_4| =’.\'£’+_v!'| = \/.\'2 + _\"2

wv=[ul] v]eosd = v, + 3y,
where u = x,i+y,J

and v =X, + Y,

r=a+Aib

Complex Numbers

z=a+ib=r(cos@+ isin6)
— elf
[r(cos 6 + isin 0)]" = r"(cos n@ + isinn@)

— rnemﬂ

Mechanics

©?dr dx dx\2
x=acos(nt+a)+c
x=asin(nt +a) + ¢

i=-n*(x-c)

13
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Year 12 Mathematics Extension 2 Yearly Examination
Worked solutions and marking guidelines

Section 1
Solution Criteria
1 Let u=x%+1 1 Mark: C
W _ oy and xdx = ~d
i x and xdx = > u

X 1 1
—dx=—f—du
J-B\/x2+1 2J) VYu

2 (z—=2+30))(z=(2-30))=0 1 Mark: A
72 —27+43iz—2z—-3iz+4+9=0
nz2—47413=0

3 u.v=1x4+(-1)x12+(-1) x (-3) 1 Mark: A
= -5
4 zZ = 3(cosE+ isinE) 1 Mark: C
B 6 6
_ T | T
zZ= 3(cos€—lsmg)
3 31
73 =33 (cos——lsm?)

=27 (cosg — isin g)

Jx2 +y2 +22 = J12 + (—3)2 + 52 1 Mark: B

- V3

14



Year 12 Mathematics Extension 2

6 v2+9x2 =k 1 Mark: D
v? =k — 9x?
. d (v?
x= dx\ 2
_d [k 9x?
Cdx\2 2
= —9x = —n?x
Hencen =3
Period
_2m 2m
“n 3
7 The converse of a statement ‘If P then Q’ is ‘If Q then P’. 1 Mark: A
The statements can be represented as: the converse of P = Q
is @ = P or P & Q. The converse of a true statement need not
be true.
8 v =f(x) 1 Mark: D
=P~ fG0r )
a= vdx = f)f'(x
9 Using the conjugate root theorem (2 + i) and (2 — i) are 1 Mark: B
both roots of the equation z3 + pz + q = 0.
(24+i)+ (2 —-1i) + a = 0 (sum of the roots)
a=-4
(2+1i) x(2—1i)x(—4) = —q (product of the roots)
4+ x(-4)=—q
q =20
C+D2-D+QR-Dx(+Q+)x(-4)=p
p=-11
~p=-=11and q =20
10 Use the substitution u = cosx 1 Mark: D

du ]

— = —sinx
dx

du = —sinxdx

When x=0then u =1 and when x=§ thenu =0

s

2 sinx 0 1
—dx=f —du
o V1 —cos2x 1 V1 —u?
= [sin"'u]}
o
)

15
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Section II
Solution Criteria
11@) |z=14—-) =% +1 1 Mark: Correct
(i) answer.
=1—4i
11@ |1 1 4 +i 4+ 1 Mark: Correct
(i) z 4—1 4+i 16+1 answer.
4 N 1
T 17 17
11(b) | [04] = V2% + 6% + (=3)2 2 Marks: Correct
29 — 7 answer.
57{ = ﬂ 1 Mark: Finds the
|0A| magnitude of OA.
1
=7 (2L+6]—3k)
11(c) bet u=x? +14 2 marks: Correct
u
I 2x or Edu = xdx answer.
When x=0 thenu=4 and when x=+/5 then u=9 1 mark: Sets up the
du = ? _% d integral in terms
w/x2+ J-—u Efu u of u.
s
4
- [V3 -]
=1
11(d) yo - c 1 Mark: Correct
@ S |B 7tz answer.
)
2 M
0 : ¥
11(d) | See Argand diagram above. 1 Mark: Correct
(i) answer.
11(d) | Vectors OC and AB form a parallelogram 2 Marks: Correct
(iii) However OA = OB = 2. Hence OBCA is a rhombus. answer.
Diagonal of a rhombus bisects the angle through which it 1 Mark: Shows
passes some
1 m m ST understanding.
oo =—X|—-——)=—
~A0C 2 (2 12) 24
(2,+2,) = T N 5n
arg(z1+z,) =5+
AL
24

16
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11(e) J‘ 1 J‘ 2 Marks: Correct
V12 + 4x — x2 J12 — (x 4x) answer.
J-\/16 — (x —4x + 4) 1 Mark: Completes
the square.
= J- dx
16 — (x — 2)2
— st (24
= sin 2
11() Step 1: To prove true forn=1 3 marks: Correct
LHS=1+x answer.
-1 (x+DHx-1)
RHS = = =1
x—1 (x—1) X 2 marks: Proves the
Result is true forn =1 result tr:e for
) _ n =1 and attempts
Step 2: Assume true forn =k to use the result of
5, = -1 n =k to prove the
. x—1 result for
Step 3: To prove true forn=k+ 1 n=k+1
+2 _ 1
Ske1 = x—1 1 mark: Proves the
Sk + Tes1 = Skt result true for n =
1.
xk+1 -1
LHS = ——— + x**?
x—1
B xk+1 -1 N xk+1(x _ 1)
x—1 (x—=1)
xkHL 1 4oy kH2 k1
- x—1
xk+2 -1
x—1
= RHS
Step 4: True by induction
12(a) x e~*dx 3 Marks: Correct
answer.
_du 1
WEX T 2 Marks: Makes
dv significant
—=e* v=—e7"*
dx progress.
dv du
J-uadx =uv-— J- vadx 1 Mark: Correctly
applies integration
J-x e Fdx=xx(—e™*) - J- —e ™ X 1dx by parts.
=—xe ¥+ J- e *dx
=—xe*—e*+C
12(b) 1 Mark: Correct
(1) (1 + ia)4 =1+ 4ia— 6a2 - 4ia3 + a4 answer.

17
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12(b) | (1 +ia)*isrealif 4a —4a®> =0 2 Marks: Correct
(ii) answer.
Then 4a(1—a?) =0 1 Mark: Finds an
ca=0+1 equation for a or
equivalent merit.
12(c) |5x3—-3x24+42x—1 A B Cx+D 2 Marks: Correct
(1) x2(x2+1) X + x2 + x2+1 answer.
Using partial fractions to find 4, B, C and D
5x3 —3x% +2x — 1= Ax(x®> + 1) + B(x?* + 1) + (Cx + D)x? | 1 Mark: Makes
= Ax3 4+ Ax + Bx2 + B + Cx3 + Dx2 progress in finding
=(A+0Ox*+(B+D)x®2+Ax+B 4B CorD.
Equating the coefficients
A+C=501)
B+D=-3(2)
A=2and B=-1
Equation @
2+C=5o0orC=3
Equation @
B+D=-30orD=-2
~A=2,B=-1,C=3andD = -2
12(c) 5x3 —3x2+2x—1 2 1 3x-2 2 Marks: Correct
(ii) J- x2(x% + 1) dx = J-; e tera dx answer.
_ J‘E 3 i 3x 3 2 dx
x  x? * x*+1 x2+1 1 Mark: Correctly
= 2In|x| + 1 + Eln(x2 +1)—2tan"'x +C _finds one of the
x 2 integrals.
12(d) | ¥ = —12sin2t 2 Marks: Correct
(i) answer.
X = —12J-sin2tdt
1 Mark: Shows
= —12J- 2sintcostdt some
= _12sin?t 4 C understanding.
When t =0, x =6 hence C =6
s~ X =-12sin’t + 6
O R p— Sk Correc

1 — cos2t
= J- —-12 (T) + 6dt = J- —6 + 6c0s2t + 6dt

= J- 6cos2tdt

= 3sin2t + C
When t =0,x =0 hence C=0
~ x = 3sin2t
Then
X = —12sin2t
= —4 X 3sin2t
= —4x

2 Marks: Makes
significant
progress towards
the solution.

1 Mark: Finds
x = 3sin2t + C or
equivalent merit.

18




Year 12 Mathematics Extension 2

13(a) J 1 p J dx 3 Marks: Correct
—_——dx =
9x%2 +6x+5 2. 2 answer.
9 [(x + §x)] +5
_ J dx 2 Marks: Makes
- R significant
9 [(x + §) - g] +5 progress towards
the solution.
_ J dx
9 (x " 1)2 +4 1 Mark: Shows
3 some
dx understanding.
_J(3x+1)2+22
_ 1J 3dx
- 3) Bx+1)2+22
1 3x+1
= 6tan‘1 % +C
13(b) | Line I, intersects the line I, then: 3 Marks: Correct
(1) (11¢+2) + 17k) + A(=21 + ) — 4k) answer.
= (=5t +11) +pk) + u(=3t + 2) + 2k) 2 Marks: Finds the
11-21=-5-3u (1) correct values for 4
2+1=11+2u 2 and p.
17—42=p+2u 3
Equation (1) +2x(2) 15=17 +pu then p= -2 Sloliflnaerk: Shows
Equation (2) 2+A1=11—4 then 1=5 understanding.
Equation 3) 17 —4x5=p+2x -2
p=17-20+4
=1
..The value of p is 1.
13(b) | From13(b)(i) A=5, u=—-2and p=1 1 Mark: Correct
) 1o (10 + 25 +17k) +5(=20+ ) — 4k) = 1+ 7 + =3k or answer:
lp: (=50 + 11) + k) + =2(=31+ 2) + 2k) = 1 + 7] + =3k
~. Point of intersectionis 1 +7) + =3k .
13(c) | Pythagoras theorem Y 2 Marks: Correct
2(0,2i) answer.
2 >
w = /32 + (\/§)
1 Mark: Plots the
=V12=2v3 points or makes
X
’ 2 some progress.
— [32
zZv 34 (\/§) Ny ) w3, )
=12 =2V3
wv =V3++3
=2V3

..Equilateral triangle.

19
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13(d) | Amplitude of motion is 2 cm (a = 2) 2 Marks: Correct
(i) Period of motion is 4 seconds answer.
T n 1 Mark: Finds the
_r values of a and n or
2 shows some
2 _ 2002 _ 22
vt=n (Czl —x%) understanding of
— (E) (22 — x2) the problem.
2
Maximum velocity occurs when x =0
_
2 _ (1 2
ve = (2) X 2
v=mcms™ !
13(d) | Displacementisx = +1 cm 2 Marks: Correct
(ii) .  (MN? answer.
v? =(=) (22 = (+1)?
(2)2 ( (+1)%) 1 Mark: Makes
_3m° some progress
4 towards the
S ﬁ 7 ems—1 solution.
T2
13(e) | Equations of projectile motion 2 Marks: Correct
x = Vtcosa answer.
5 = 10tcosa
1 1 Mark: Shows
t= ® some
2cosa ,
1 understanding.
y = —Egt2 + Vtsina
1
6.25 = —5 % 10 x t2 + 10tsina
25= —20t2 + 40tsina (2)
Substituting equation @ into equation @
2
25=—20><< )+40><< )xgina
2cosa 2cosa
25 = —5sec?a + 20tana
5 = —(tan?a + 1) + 4tana
tan’a — 4tana + 4 = 0
(tana —2)?> =0
tana = 2
a =tan"12
= 63°26'
14(a) [r?=12+12 y 2 Marks: Correct
(i) r=+2 (-1,1)| 1T answer.
1 |
tanf = — ! 1 Mark: Correctly
571'% | determines the
0 = T i 45° argument or the
| modulus.

3t 31
a=14+i= \/E(COST + isinT)

20




Year 12 Mathematics Extension 2

14(a) n 31 3Im™ 1 Mark: Correct
(ii) (—1+D)" = (\/E) (COST + isin T) answer.
_ 2% 3nm s 3nm
= (cos , Tisin—, )
14() |1 1 4 1 1 4 3 Marks: Correct
a'b m a'b ath answer.
b(a+ b) +a(a+ b) — 4ab
= ab(a + b) 2 Marks: Makes
bY? — 4ab significant
- (a+b)* —4ab progress towards
ab(a + b) the solution.
_a*—2ab +b?
" ab(a+b) 1 Mark: Shows
(a — b)? some
= m understanding.
Given a > 0,b > 0 then ab(a+b) >0
Also (a — b)? > 0 for all values of g and b
Hence
1 1 4 (a—b)?
o —=——— >0
a b m abla+b)
1 1 4
a b m
14(c) | Cartesian equation of the path 3 Marks: Correct
(i) gx? answer.
y = xtanf — —— sec?6
2v 2 Marks: Makes
Passes through gb, h) and (c, h) significant
_ _ ﬂ 2 progress towards
h = btand 202 %€ 20 the solution.
gc*
h = ctanf — 22 S€¢ 6@ 1 Mark: Uses the
. . cartesian equation
Equating e;zuatlons (D and 2) 2 of the path with
c :
btanf — g?secze = h = ctanf — %seczg ?g};sr (b, h) or
(b — c)tanb = (b? — cz)isecze
2v2
tand = (b + ¢) I_sec?0
202
2 _ (b + ¢)gsec?8
2tanf
14(c) | Substitute the result for v? into equation (1) 2 Marks: Correct
(ii) gb?sec?6 2tanf answer.
h = btanf — X 5
2 (b + c)gsec?d 1 Mark: Shows
3 b?tand some
h = btang — b+c understanding.
h(b + ¢) = (b? + bc)tand — b%*tané
= bctané
h(b+c
~ tanf = ¥
bc
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2 Marks: Correct

14(c) i +c
(i) Greatest height at x = > ANSWer.
_(b+c cand b+ c\? y gsec?6 2tand 1 Mark: Shows
Y= ( 2 ) an ( 2 ) 2(b + c)gsec?6 some
b+c b+c understanding.
= ( )tanB—( )xtanH
2 4
b+c
= ( )tane
_(b+c h(b + ¢)
B ( 4 ) bc
_h(b+c)?
" 4bc
X
14(d) | Let f(x) ==—Inxforx >e 2 Marks: Correct
e answer.
Hence f(e) = 0 and f(x) is an increasing function x > e
1 Mark: Uses
~f(x)>0forx>e
f@) f(e) = 0to deduce
X .
s—>Inxforx >e _requlre_d
e inequality.
15(a) |Let z=x+iy 3 Marks: Correct

Then z? = (x + iy)* = x* + 2ixy — y*
z2 =|z|> — 4

x2+2ixy—y?*=|x+iy|*—4
x2+2ixy—y2=(\/m)2_4
x2+2ixy—y?=x2+y2—4

2ixy —y? =y2 -4
2y2 = 2ixy —4 =10
2(y2—ixy—2)=0
(y>—=2) =0 then y=+V2

ixy=0 then x=0

Therefore
z=x+1iy
z=+V2i

answer.

2 Marks: Makes
significant
progress towards
the solution.

1 Mark: Writes the
equation using
z=x+1iy

or equivalent
merit.

22



Year 12 Mathematics Extension 2

15(b) | Step 1: To prove true forn=1 4 Marks: Correct
LHS = (cos@ + isinf)* = cos@ + isinf answer.
3 Marks: Makes
RHS = cos16 + isin18 = cosf + isinf L
significant
Result is true forn =1 progress towards
the solution.
Step 2: Assume true forn =k € sofution
(cosO + isin@)¥ = coskB + isink® 2 Marks: Proves
Step 3: To prove true forn=k + 1 the result true for
Nkt o n =1 and attempts
(cos@ + isin@)“** = cos(k + 1)0 + isin(k + 1)6 to use the result of
LHS = (cosf + ising)k*? n = k to prove the
= (cosf + isinf)* x (cosO + isinh) result for
n=k+1
= (cosk® + isink0)(cosb + isinf) 1 Mark: Proves the
= (coskBcosf — sink8sinf) + i(sinkfcosO + coskfsinf) | result true forn=1
= cos(k6 + 0) + isin(k6 + 6)
= cos(k + 1)6 + isin(k + 1)60
= RHS
Step 4: True by induction
15(c) | AB =0B — 04 1 Mark: Correct
(i) answer.
=(+2k) = (=-))
=1+2)+2k
15(c) |ﬁ| =/x2 + y2 4 722 1 Mark: Correct
(ii) answer.
=12 + 22 4+ 22
=3
15(c) | BC =0C — 0B 3 Marks: Correct
(iii) answer.

= (41+k)—(J +2k)
=4—)—k
|BC| = /x? + y2 + 22

=4+ (-2 + (-1)?

=32
AB -BC
cosZCAB = ————

|AB||BC]|
CIx442x (=D +2x(-1)
B 3% 32
=55

2CAB = 90°

2 Marks: Uses the
angle between two
vectors.

1 Mark: Finds BC
or |BC|.
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15(d) _m_ 3 Marks: Correct
F= x3 (6 —10x) answer.
m
ma = — (6 — 10x)
d 956 10 2 Marks: Integrates
v @w_o_ 2 and uses the initial
dx  x3 6x2 10 conditions to find
J- vdv = J- (_ — _) dx an expression for
x3  x? 1
1, (6x7% 10x7! SV
Z 12 = — +C 2
2 -2 -1
1, -3 10 1 Mark: Uses
Lo (2419 ¢ Y
2 Xt x v—v for
When v=0 and x =1 dx
1, -3 10 c acceleration.
2% =(7+7)*
C=-
Hence
1, (3 N 10 ;
2V = (xz x)
-6 20
R L) B
X X
—6 + 20x — 14x?
1
v= i;\/Z(—B + 10x — 7x2)
16(a) 1 . 2 Marks: Correct
(1) I = J; (1 —x")"dx answer.
1
= [x(1 —x")"]5 - nf x(1 —x")" 7 (—rx" ) dx 1 Mark: Sets up the
1 0 integration by
=0- nrf [(1—x")"—1](1 —x")" tdx parts.
%1
=0-— nrf (1—x""— (1 —x")"ldx
0
L, =nr(—-I,+IL,_1)
(nr + DI, =nrl,_4
n
=—7,_
"Tar41 Mt
16(a) 3 2 Marks: Correct
(ii) For r== and n =3
2 answer.
3X% Zx% 1x%
Iy = —5 X L, I,= 3 X1l I, = 3 X Iy 1 Mark: Shows
3)(2'}‘1 2X§+1 1X§+1 some
1 1 understanding.
But I, = J- (1—x"N%Jx = | 1dx =
0 0
3% % 2 X % 1x % 81
I; = 3 X 3 X 3 X1= 220
3)(2'}‘1 2X§+1 1X7+1
16(b) | ga-bpb-c > ca=beb=c = ca=¢ gince g >bh>c > 1 1 Mark: Correct
(i) . a%-bpb—c 5 ca-c answer.
16(b) (abbccc) x qd~bpb—c > (abbccc) x ¢ 1 Mark: Correct
(ii) ma®hbet > gPpced answer.
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16(c) | |z — 1| < 3 represents a region with centre (1, 0) and radius 3 Marks: Correct
less than or equal to 3. answer.
Im(z) = 3 represents a region above the horizontal line y = 3.
The point (1,3) is where the two inequalities hold. 2 Marks: Correctly
y =3 graphs one
3 . : inequality.
1 Mark: Makes
some progress.
1_6(d) 2 Marks: Correct
() answer.
1 Mark: Finds A or
J component shows some
19—-6x%x4=q understanding.
a=-5
k component
-1-6x(=2)=0b
s.a=-5and b =11.
1“6(d) 0P =(6+ D)1+ (19 +40)) + (-1 — 21k 4 Marks: Correct
(i) " answer.

Direction vector of 61:1 + 4y — 2k

OP and | are perpendicular
[(6+ D1+ (19 +42)) + (=1 = 2)k] - (1 + 4] — 2k) = 0
Hence
6+1+(19+40)4+(-1-22)—-2=0

6+1+76+16A+2+41=0

211+84=0
A=—4

Therefore

0P =(6—41+(19+4x (-4 + (-1 -2 x (-4)k
=2+3]+7k

3 Marks: Makes
significant
progress towards
the solution.

2 Marks: Applies
the statement for
perpendicular
vectors.

1 Mark: Shows
some
understanding.
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